Conformal Properties of Chern-Simons Vortices in External Fields by Duval, C. et al.
ar
X
iv
:h
ep
-th
/9
40
40
47
v1
  8
 A
pr
 1
99
4
Conformal Properties
of
Chern-Simons Vortices
in
External Fields
C. DUVAL (1) P. A. HORVA´THY (2) L. PALLA (3)
Abstract. The construction and the symmetries of Chern-Simons vortices in harmonic
and uniform magnetic force backgrounds found by Ezawa, Hotta and Iwazaki, and by Jackiw
and Pi are generalized using the non-relativistic Kaluza-Klein-type framework presented in
our previous paper. All Schro¨dinger-symmetric backgrounds are determined.
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1. Introduction
The construction of static, non-relativistic Chern-Simons solitons [1] was recently
generalized to time-dependent solutions, yielding vortices in a constant external magnetic
field, B [2-4]. Putting ω = B/2, the equation to be solved is
(1.1) i
(
Dω
)
t
Ψω =
{
−1
2
~D2ω − ΛΨ∗ωΨω
}
Ψω.
(We use units where e = m = 1). Here the covariant derivative means
(1.2)
(
Dω
)
α
=∂α − i(Aω)α − iAα
(α = 0, 1, 2), where Aα is a vector potential for the constant magnetic field, A0 = 0,
Ai = 12 ǫijxjB ≡ ωǫijxj (i, j = 1, 2) and (Aω)α is the vector potential of Chern-Simons
electromagnetism i.e. its field strength is required to satisfy the field-current identity
(1.3) Bω ≡ ǫij∂iAjω = −
1
κ
ρω and E
i
ω ≡ −∂iA0ω − ∂tAiω =
1
κ
ǫijJjω
with ρω=Ψ
∗
ωΨω and
~Jω=(1/2i)[Ψ
∗ ~DωΨω −Ψω( ~DωΨω)∗]. These equations can be solved
[2-4] by applying a coordinate transformation to a solution, Ψ, of the problem with ω = 0
studied in Ref. [1], according to
(1.4)
Ψω(t, ~x) =
1
cosωt
exp
{
−iω r
2
2
tanωt
}
exp
{
i
N
2πκ
ωt
}
Ψ( ~X, T ),
(Aω)α = Aβ
∂Xβ
∂xα
− ∂α
( ω
2πκ
N t
)
,
with
(1.5) T =
tanωt
ω
, ~X =
1
cosωt
R(ωt) ~x.
Here N = ∫ Ψ∗Ψ d2~x is the vortex number and R(θ) is the matrix of a rotation by angle
θ in the plane. (The pre-factor exp[iNωt/2πκ] and the extra term −∂α[(ω/2πκ)N t] are
absent from the corresponding formula of Ezawa et al. [2]). A similar construction works
in a harmonic background [4].
In a previous paper [5] non-relativistic Chern-Simons theory in 2 + 1 dimensions was
obtained by reduction from an appropriate (3 + 1)-dimensional Lorentz manifold. As
an application, we reproduced the results in Ref. [1]. Here we show that the above
generalizations arise by reduction from suitable curved spaces, that they all share the
(extended) Schro¨dinger symmetry of the model in [1], and we determine all background
fields which have this property.
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2. Chern-Simons theory in Bargmann space
(2 + 1)-dimensional non-relativistic Chern-Simons theory can be lifted to ‘Bargmann
space’ i.e. to a 4-dimensional Lorentz manifold (M, g) endowed with a covariantly constant
null vector ξ [5]. The theory is described by a massless non-linear wave equation
(2.1)
{
DµD
µ − R
6
+ λψ∗ψ
}
ψ = 0,
where Dµ = ∇µ−iaµ (µ = 0, 1, 2, 3),∇ is the metric-covariant derivative and R denotes the
scalar curvature. The scalar field ψ and the ‘electromagnetic’ field strength, fµν = 2∂[µaν],
are related by the identity
(2.2) κfµν =
√−g ǫµνρσξρjσ, jµ = 1
2i
[ψ∗(Dµψ)− ψ(Dµψ)∗] .
Eq. (2.1) [but not (2.2)] can be obtained from variation of the ‘partial’ action
(2.3) S =
1
2
∫
M
{
(Dµψ)
∗Dµψ +
R
6
|ψ|2 − λ
2
|ψ|4
}√−g d4x.
The quotient of M by the integral curves of ξ is non-relativistic space-time we denote
by Q. A Bargmann space admits local coordinates (t, ~x, s) such that (t, ~x) label Q and
ξ = ∂s. When supplemented by the equivariance condition
(2.4) ξµDµψ = iψ,
our theory projects to a non-relativistic non-linear Schro¨dinger/Chern-Simons theory on
the (2 + 1)-dimensional manifold Q. The field strength fµν is clearly the lift of a closed
two-form Fµν on Q. So, the vector potential may be chosen as aµ = (Aα, 0) with Aα
s-independent. In this gauge, Ψ(t, ~x) = e−isψ(t, ~x) is then a function on Q.
A symmetry is a transformation of M which interchanges the solutions of the coupled
system. Each ξ-preserving conformal transformation is a symmetry and the variational
derivative ϑµν = 2δS/δg
µν provides us with a conserved, traceless and symmetric energy-
momentum tensor. The version of Noether’s theorem proved in [5] says that for any
ξ-preserving conformal vectorfield (Xµ) on Bargmann space, the quantity
(2.5) QX =
∫
Σt
ϑµνX
µξν
√
γ d2~x
(where the ‘transverse space’ Σt is a space-like 2-surface t = const. and γij is the metric
induced on it by gµν) is a constant of the motion. The conserved quantities are conveniently
calculated using the formula [5]
(2.6) ϑµνξ
ν =
1
2i
[ψ∗ (Dµψ)− ψ (Dµψ)∗]− 1
6
ξµ
(
R
6
|ψ|2 + (Dνψ)∗Dνψ + λ
2
|ψ|4
)
.
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For example,M can be flat Minkowski space with metric d ~X2+2dTdS, where ~X ∈ R2
and S and T are light-cone coordinates. This is the Bargmann space of a free, non-
relativistic particle [6]. The system of equations (2.1,2,4) projects in this case to that of
Ref. [1]; the ξ-preserving conformal transformations form the (extended) planar Schro¨din-
ger group, consisting of the Galilei group with generators J (rotation), H (time transla-
tion), ~G (boosts), ~P (space translations), augmented with dilatation, D, and expansion,
K, and centrally extended by ‘vertical’ translation, N . With a slight abuse of notation,
the associated conserved quantities are denoted by the same symbols. (Explicit formulæ
are listed in [1] and [5]). Applying any symmetry transformation to a solution of the field
equations yields another solution. For example, a boost or an expansion applied to the
static solution Ψ0( ~X) of Jackiw and Pi produces time-dependent solutions. Using the
formulæ in [6] we find
(2.7) Ψ(T, ~X) =
1
1− kT exp
{
− i
2
[
2 ~X ·~b+ T~b2 + k (
~X +~bT )2
1− kT
]}
Ψ0(
~X +~bT
1− kT ),
which is the same as in [1].
Now we present some new results. The most general ‘Bargmann’ manifold was found
long ago by Brinkmann [7]:
(2.8) gijdx
idxj + 2dt
[
ds+ ~A · d~x]+ 2A0dt2, A0 = −U
where the ‘transverse’ metric gij as well as the ‘vector potential’ ~A and the ‘scalar’ potential
U are functions of t and ~x only. Clearly, ξ = ∂s is a covariantly constant null vector. The
null geodesics of this metric describe particle motion in curved transverse space in an
external electromagnetic fields ~E = −∂t ~A− ~∇U and B = ~∇× ~A [6].
Consider now a Chern-Simons vector potential (aω)µ =
(
(Aω)α, 0
)
in the background
(2.8). [The subscript ( · )ω refers to an external-field problem]. Using that the only non-
vanishing components of the metric (2.8) are gij, gis = −Ai, gss = 2U +AiAi, gst = 1, we
find that the integrand in the partial action (2.3) is
(2.9)
(
~Dωψ
)∗ · ~Dωψ + i[((Dω)tψ)∗ψ − ψ∗(Dω)tψ]+ R
6
|ψ|2 − λ
2
|ψ|4,
where the covariant derivative (Dω)α means (1.2) with vector potential Aα. Thus, in-
cluding the ‘vector-potential’ components into the metric (2.8) results, after reduction,
simply in modifying the covariant derivative Dα in ‘empty’ space (Aα = 0) according to
Dα → (Dω)α. The associated equation of motion is hence Eq. (1.1). (This conclusion can
also be reached directly by studying the wave equation (2.1)).
Let now ϕ denote a conformal Bargmann diffeomorphism between two Bargmann
spaces i.e. let ϕ : (M, g, ξ)→ (M ′, g′, ξ′) be such that ϕ⋆g′ = Ω2g and ξ′ = ϕ⋆ξ. Such a
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mapping projects to a diffeomorphism of the quotients, Q and Q′ we denote by Φ. Then
the same proof as in Ref. [5] allows one to show that if (a′µ, ψ
′) is a solution of the field
equations on M ′, then
(2.10) aµ = (ϕ
⋆a′)µ and ψ = Ωϕ
⋆ψ′
is a solution of the analogous equations on M . Locally we have ϕ(t, ~x, s) = (t′, ~x′, s′) ≡(
Θ(t),Φ(t, ~x), s+Σ(t, ~x)
)
so that ψ = Ωϕ⋆ψ′ reduces to
(2.11) Ψ(t, ~x) = Ω(t) eiΣ(t,~x)Ψ′(t′, ~x′), Aα = Φ
⋆A′α (α = 0, 1, 2).
Note that ϕ takes a ξ-preserving conformal transformation of (M, g, ξ) into a ξ′-preserving
conformal transformation of (M ′, g′, ξ′). Conformally related Bargmann spaces have there-
fore isomorphic symmetry groups.
The associated conserved quantities can be related by comparing the expressions in
Eq. (2.6). Note first that, for ψ as in Eq. (2.10), Dµψ = Ω (ϕ
⋆D′µψ
′) + Ω−1∇′νΩϕ⋆ψ′.
Using R = Ω2 ϕ⋆R′ + 6Ω−1∇′ν∇′νΩ and ξµ = Ω−2ξ′µ as well as Ω = Ω(t) and that
gµt is non-vanishing only for µ = s one finds hence that ϑµνξ
ν = Ω2ϕ⋆
(
ϑ′µνξ
′ν
)
. But√
γ = Ω−2ϕ⋆
√
γ′. Therefore, the conserved quantity (2.5) associated to X = (Xµ) on
(M, g, ξ) and to X ′ = ϕ⋆X on (M
′, g′, ξ′) coincide,
(2.12) QX = ϕ
⋆Q′X′ .
The labels of the generators are, however, different (see the examples below).
3. Flat examples
Consider now the Lorentz metric
(3.1) d~x2osc + 2dtoscdsosc − ω2r2oscdt2osc
where ~xosc ∈ R2, rosc = |~xosc| and ω is a constant. Its null geodesics correspond to a
non-relativistic, spinless particle in an oscillator background [6,9]. Requiring equivariance
(2.4), the wave equation (2.1) reduces to
(3.2) i∂toscΨosc =
{
−
~D2
2
+
ω2
2
rosc
2 − ΛΨoscΨ∗osc
}
Ψosc
( ~D = ~∂ − i ~A, Λ = λ/2), which describes Chern-Simons vortices in a harmonic force
background, studied in Ref. [3]. The clue is that the mapping ϕ(tosc, ~xosc, sosc) = (T, ~X, S)
[9], where
(3.3) T =
tanω tosc
ω
, ~X =
~xosc
cosωtosc
, S = sosc − ωr
2
osc
2
tanωtosc
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carries the oscillator metric (3.1) conformally into the free form, d ~X2 + 2dTdS, with
conformal factor Ω(tosc) = | cosωtosc|−1 such that ϕ⋆∂sosc = ∂S. Our formula lifts the
coordinate transformation of Ref. [4] to Bargmann space.
A solution in the harmonic background can be obtained by Eq. (2.11). A subtlety
arises, though: the mapping (3.3) is many-to-one: it maps each ‘open strip’
(3.4) Ij =
{
(~xosc, tosc, sosc)
∣∣ (j − 12)π < ωtosc < (j + 12)π},
where j = 0,±1, . . . corresponding to a half oscillator-period onto the full Minkowski
space. Application of (2.11) with Ψ an ‘empty-space’ solution yields, in each Ij , a solution,
Ψ
(j)
osc. However, at the contact points tj ≡ (j + 1/2)(π/ω), these fields may not match.
For example, for the ‘empty-space’ solution obtained by an expansion, Eq. (2.7) with
~b = 0, k 6= 0,
(3.5) lim
tosc→tj−0
Ψ(j)osc = (−1)j+1
ω
k
e−i
ω2
2k
r2
oscΨ0(−ω
k
~x) = − lim
tosc→tj+0
Ψ(j+1)osc .
Then continuity is restored by including the ‘Maslov’ phase correction [10]:
(3.6)


Ψosc(tosc, ~xosc) = (−1)j 1
cosωtosc
exp
{
− iω
2
r2osc tanωtosc
}
Ψ(T, ~X)
(Aosc)0(tosc, ~xosc) =
1
cos2 ωtosc
[
A0(T, ~X)− ω sinωtosc ~xosc · ~A(T, ~X)
]
,
~Aosc(tosc, ~xosc) =
1
cosωtosc
~A(T, ~X),
where j is as in (3.4). Eq. (3.6) extends the result in Ref. [4] from |tosc| < π/2ω to any tosc.
For the static solution in [1] or for that obtained from it by a boost, limtosc→tj Ψ
(j)
osc = 0
and the inclusion of the correction factor is not mandatory.
Chern-Simons theory in the oscillator-metric has again a Schro¨dinger symmetry, whose
generators are related to those in ‘empty’ space as
(3.7)


Josc = J ,
Hosc = H+ ω2K,
(Cosc)± =
(H− ω2K ± 2iωD) ,
( ~Posc)± =
(
~P ± iω ~G
)
,
Nosc = N .
The oscillator-Hamiltonian, Hosc, is hence a combination of the Hamiltonian and of the
expansion valid for ω = 0, etc. The generators Hosc and (Cosc)± span o(2, 1) and the
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( ~Posc)± generate the two-dimensional Heisenberg algebra [9]. Eq. (3.7) adds (Cosc)± and
( ~Posc)± to the Josc and Hosc in Ref. [3].
Consider next the metric
(3.8) d~x2 + 2dt
[
ds+ 12ǫijBxjdxi
]
where ~x ∈ R2 and B is a constant. Its null geodesics describe a charged particle in a
uniform magnetic field in the plane [6]. Again, when imposing equivariance, Eq. (2.1)
reduces precisely to Eq. (1.1) with Λ = λ/2 and covariant derivative Dω given as in
Eq. (1.2). The metric (3.8) is readily transformed into an oscillator metric (3.1): the
mapping ϕ(t, ~x, s) = (tosc, ~xosc, sosc) given by
(3.9) tosc = t, x
i
osc = x
i cosωt+ ǫijx
j sinωt, sosc = s
— which amounts to switching to a rotating frame with angular velocity ω = B/2 — takes
the ‘constant B-metric’ (3.8) into the oscillator metric (3.1). The vertical vectors ∂sosc and
∂s are permuted. Thus, the time-dependent rotation (3.9) followed by the transformation
(3.3), which projects to the coordinate transformation (1.5) of Refs. [2] and [3], carries
conformally the constant-B metric (3.8) into the ω = 0-metric. It carries therefore the
‘empty’ space solution eisΨ with Ψ as in (2.7) into that in a uniform magnetic field back-
ground according to Eq. (2.10). Taking into account the equivariance, we get the formulæ
of [2] i.e. (1.4) without the N -terms — but multiplied with the Maslov factor (−1)j . (The
N -term arises due to a subsequent gauge transformation required by the gauge fixing in
[3]).
It also allows to ‘export’ the Schro¨dinger symmetry to non-relativistic Chern-Simons
theory in the constant magnetic field background. The [rather complicated] generators,
listed in Ref. [11], are readily obtained using Eq. (2.12). For example, time-translation
t → t + τ in the B-background amounts to a time translation for the oscillator with
parameter τ plus a rotation with angle ωτ . Hence HB = Hosc − ωJ = H + ω2K − ωJ .
Similarly, a space translation for B amounts, in ‘empty’ space, to a space translations and
a boost, followed by a rotation, yielding P iB = Pi + ω ǫijGj , etc.
4. Conformally flat Bargmann spaces
All our preceding results apply to any Bargmann space which can be conformally
mapped into Minkowski space in a ξ-preserving way. Now we describe these ‘Schro¨dinger-
conformally flat’ spaces. In D = n + 2 > 3 dimensions, conformal flatness is guaranteed
by the vanishing of the conformal Weyl tensor
(4.1) Cµνρσ = R
µν
ρσ − 4D−2 δ[µ[ρRν]σ] + 2(D−1)(D−2) δ[µ[ρ δν]σ]R.
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Now Rµνρσξ
µ ≡ 0 for a Bargmann space, which implies some extra conditions on the
curvature. Inserting the identity ξµR
µν
ρσ = 0 into C
µν
ρσ = 0, using the identity ξµR
µ
ν ≡ 0
(Rνσ ≡ Rµνµσ), we find 0 = −
[
ξρR
ν
σ − ξσRνρ
]
+R/(D−1) [ξρδνσ − ξσδνρ]. Contracting again
with ξσ and using that ξ is null, we end up with Rξρξ
ν = 0. Hence the scalar curvature
vanishes, R = 0. Then the previous equation yields ξ[ρR
ν
σ] = 0 and thus R
ν
σ = ξση
ν for
some vector field η. Using the symmetry of the Ricci tensor, R[µν] = 0, we find that η = ̺ ξ
for some function ̺. We finally get the consistency relation
(4.2) Rµν = ̺ ξµξν .
The Bianchi identities (∇µRµν = 0 since R = 0) yield ξµ∂µ̺ = 0, i.e. ̺ is a function on
spacetime Q. The conformal Schro¨dinger-Weyl tensor is hence of the form
(4.3) Cµνρσ = R
µν
ρσ − 4D−2 ̺ δ[µ[ρ ξν]ξσ].
It is noteworthy that Eq. (4.2) is the Newton-Cartan field equation with ̺/(4πG) as the
matter density of the sources.
It follows from Eq. (4.2) that the transverse Ricci tensor of a Schro¨dinger-conformal
flat Bargmann metric necessarily vanishes, Rij = 0 for each t. The transverse space
is hence (locally) flat and we can choose gij = gij(t). Then a change of coordinates
(~x, t, s) → (G(t)1/2~x, t, s) where G(t)ij = gij(t) [which brings in a uniform magnetic field
and/or an oscillator to the metric], casts our Bargmann metric into the form (2.8) with
gij = δij while ξ remains unchanged.
The non-zero components of the Weyl tensor of the general D = 4 Brinkmann metric
(2.8) are found as
(4.4)
Cxyxt = −Cytts = −14∂xB,
Cxyyt = +Cxtts = −14∂yB,
Cxtxt = −12
[
∂t(∂yAy − ∂xAx)−Ax∂yB,
]
+ 12
[
∂2x − ∂2y
]
U,
Cytyt = +
1
2
[
∂t(∂yAy − ∂xAx)−Ay∂xB
]− 12[∂2x − ∂2y]U,
Cxtyt = +
1
2
[
∂t(∂xAy + ∂yAx) + 2∂x∂yU
]− 14(Ax∂x −Ay∂y)B.
Then Schro¨dinger-conformal flatness requires
(4.5)


Ai = 12ǫijB(t)xj + ai, ~∇× ~a = 0, ∂t~a = 0,
U(t, ~x) = 12C(t)r
2 + ~F (t) · ~x+K(t).
(Note, en passant, that (4.2) automatically holds: the only non-vanishing component of
the Ricci tensor is Rtt = −∂t(~∇ · ~A)− 12B2 −∆U).
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This Schro¨dinger-conformally flat metric hence allows one to describe a uniform mag-
netic field B(t), an attractive [C(t) = ω2(t)] or repulsive [C(t) = −ω2(t)] isotropic oscillator
and a uniform force field ~F (t) in the plane which may all depend arbitrarily on time. It also
includes a curlfree vector potential ~a(~x) that can be gauged away if the transverse space
is simply connected: ai = ∂if and the coordinate transformation (t, ~x, s) → (t, ~x, s + f)
results in the ‘gauge’ transformation Ai → Ai−∂if = −12B ǫijxj . However, if space is not
simply connected, we can also include an external Aharonov-Bohm-type vector potential.
Being conformally related, all these metrics share the symmetries of flat Bargmann
space: for example, if the transverse space is R2 we get the full Schro¨dinger symmetry;
for R2 \ {0} the symmetry is reduced rather to o(2)× o(2, 1)×R, just like for a magnetic
vortex [12].
The case of a constant electric field is quite amusing. Its metric, d~x2+2dtds−2 ~F ·~xdt2,
can be brought to the free form by switching to an accelerated coordinate system,
(4.6) ~X = ~x+ 1
2
~F t2, T = t, S = s− ~F · ~x t− 1
6
~F 2t3.
This example (chosen by Einstein to illustrate the equivalence principle) also shows that
the action of the Schro¨dinger group — e.g. a rotation — looks quite different in the inertial
and in the moving frames.
Let us finally mention that the above results admit a ‘gauge theoretic’ interpretation.
In conformal (Lorentz) geometry, the Weyl tensor Cµνρσ arises as part of the o(n + 2, 2)-
valued curvature of a Cartan connection for a D = n+ 2 dimensional base manifold. The
Schro¨dinger-conformal geometry in this dimension can be viewed as a reduction of the
standard conformal geometry to the Schro¨dinger subgroup Sch(n+1, 1) ⊂ O(n+2, 2) [13].
The curvature of the reduced Cartan connection then defines the Schro¨dinger-Weyl tensor
which is thus characterized by
(4.7) Cµνρσ ξ
µ = 0,
a property coming from the previous embedding and strictly equivalent to Eqs. (4.2,3).
5. Conclusion
Our ‘non-relativistic Kaluza-Klein’ approach provides a unified view on the various
vortex constructions in external fields, explains the common origin of the large symmetries,
and allows us to describe all such spaces. We have also pointed out that the formula (1.4)
may require a slight modification for times larger then a half oscillator-period.
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